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Abstract 

Fuglede's conjecture Q states that a set c R" tiles R by translations if and only if 
L 2 (Vl) has an orthogonal basis of exponentials. We obtain new partial results supporting the 
conjecture in dimension 1. 

1 The results 

A Borel set VL C R n of positive measure is said to tile R" by translations if there is a discrete set 
T C R™ such that, up to sets of measure 0, the sets Q. + 1, t G T, are disjoint and |J tgT (Q + t) = 
R n . We will refer to T as the translation set, and write R = 0, © T. We also say that 
A = {^k}kez C R n is a spectrum for if: 

| e 2«A fc .x| fcez ig an orthogonal basig for £ 2 (fi). (11) 

A spectral set is a domain 17 C R™ such that ( |1.1[ ) holds for some A. 
The following conjecture is due to Fuglede [@]. 

Conjecture 1.1 (The spectral set conjecture j2|.) A domain £2 C R n is a spectral set if and 
only if it tiles R n by translations. 



Conjecture 1.1 has a functional-analytic origin: it was motivated by a question of I. Segal 



concerning the "extension property", i.e., the existence of commuting self-adjoint extensions of 
the operators ~i^~, j = 1, . . . , n, defined on Co°(f2), to a dense subspace of L 2 (Q). It turns out 



that any spectral set 17 has the extension property; moreover, if Q is assumed to be connected, 
it must be a spectral set in order for the extension property to hold (§, 0, plf| ). 
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Fuglede proved in g] that the conjecture is true if either A or T is a group. Subsequent 
attempts to resolve the general case have revealed connections to functional analysis, representa- 
tion theory, combinatorics, commutative algebra, and Fourier analysis, among others. Fuglede's 
conjecture has also led to many other questions of independent interest concerning the relations 
between the tiling and spectral properties of sets, some of which have now been investigated in 
detail. (See e.g., §, g|, g|, !, @ 5 |, @], Q, @, @, @, @.) 

For convex domains f2 C R n , the problem is now understood to be related to the geometry of 
the set {£ : xn(C) = 0} (10' 01' 0)' anc ^ the 2-dimensional convex case appears to be resolved 



|J. The general case is much more complicated, even in dimension 1, and is still nowhere near 
resolution. 

The purpose of this paper is to relate the spectral set conjecture for domains O = A+ [0, 1] C 
R to purely algebraic questions concerning the multiplicative properties of roots of certain types 
of polynomials, and to provide partial answers to these questions. 

We briefly summarize some of the previous work relevant to the subject. Lagarias and Wang 
[18] proved that if f2 C R is a bounded domain and f2 © T = R, then T is rational and periodic. 
The question of when a given periodic set A is a spectrum for a given tile set T was discussed 
in H|, |||. In particular, it is proved in H) (Theorem 1.2) that if ft © T = R, T = B + NZ, 
B C Z, and the cyclic group Z^v has the strong Tijdeman property, then Q is a spectral set; 

Our 



I, 



however, there are examples of Zjv which do not have the Tijdeman property, see 
Corollary L6 uses the recent results of Q to improve on Theorem 1.3 of @. 

It is not known whether a spectrum A of a bounded domain 0, C R must always be rational 
and periodic. For domains of the form Q = A + [0, 1), the results of [^Oj (see Proposition 
below) imply that A must indeed be periodic. The rationality of A seems to be a more difficult 



question: Theorem [L9| below is a modest partial result in this direction. 

Several special cases of the conjecture have been investigated in more detail, see e.g., 
1 23]. Note that the articles [p^jl , [23| considered also the related question of the existence of a 
universal spectrum, i.e., a common spectrum for all domains f2 which tile R n by the same set 
of translations T. This question will not be addressed in the present paper. 

Let 



7V-1 



n=\J[ 



Qj, Qj + 1 



C R, A = {X k }kez C R. 



1.2) 



j=0 



We will say that A is a spectrum for if (1.1) holds. Clearly, we may assume that uq = 0, 
A = 0. 

Definition 1.2 Let A{x) be a polynomial of the form A{x) = J2k=o x<lk > w here are distinct 
non-negative integers. We will say that {6\, . . . , 0n-i} C (0, 1) is a spectrum for A{x) if the 6j 
are all distinct and: 

A(eij) = for all < i, j < N - 1, i + j, (1.3) 



where 



1. 



;i-4) 



The reason for this terminology is the following result, due to Jorgensen and Pedersen [^C 
(see also ||J). 
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Proposition 1.3 (Jorgensen - Pedersen /[Z^/j Let fi and A be as in (l.i), € A. Then A is a 
spectrum for f2 if and only if all of the following are satisfied: 

(i) 00,01, • • • ,ajv_i G Z; 

(mJ i/ie polynomial A(x) = J2k=o • r<Ifc has a spectrum {9j : j = 1, . . . , N — 1} C (0, 1); 
(mj A = UjL"o 1 (^i + ^), where 9q = and 6j , j = 1, . . . , N — 1, are as in (ii). 



This result was stated in [10 in terms of Hadamard matrices: it is easy to see that the 
condition (ii) above is satisfied if and only if the columns of the matrix (e 2 ** * *)j & are mutually 
orthogonal, which was the condition given in . Our reformulation of it in terms of polynomials 
was motivated by the recent work of Coven and Meyerowitz ||lj] , who related the tiling properties 
of a set A C Z to the algebraic properties of the corresponding polynomial A(x) = J2aeA xCL - 
(Note that such polynomials were also used in p3| .) Clearly, AcZ tiles Z if and only if A+ [0, 1) 
tiles R, hence the relevance of this work to the problem under consideration. 

The main result of is as follows. Recall that, for s £ Z, the s-th cyclotomic polynomial 
<& s (x) is defined inductively by x s — 1 = Yl^s <& s (x)] equivalently, $ s (x) = Yl(x — e^), where 
are the s-th primitive roots of 1. Define A{x) as above, and let Sa be the set of prime powers s 
such that & s (x) divides A(x). Consider the following conditions on A{x): 

(Tl) A(l) = n seSA $ s (l); 

(T2) If si, . . . , Sfc £ Sa are powers of different primes, then <3? Sl ... Sfc (x) divides A(x). 



Theorem 1.4 (Coven - Meyerowitz jj/ 

(i) if (Tl), (T2) hold, then A tiles Z by translations; 

(ii) if A tiles Z by translations, then (Tl) holds; 

(Hi) if A tiles Z by translations and N = j^A has at most two prime factors, then (T2) 
holds. 

It is not known whether (T2) is satisfied for all sets A which tile Z by translations. It does 
hold in all cases known to the author, and, in particular, it holds for the sets constructed by 
Szabo [^3] which were used to disprove Tijdeman's conjecture. 

Our first result is that (Tl), (T2) also guarantee the existence of a spectrum, and that a 
weak partial converse holds. Here and in the sequel, A is a subset of Z with G A, N = j^A > 2, 
A(x), Sa are defined as above, and O = A + [0, 1). 

Theorem 1.5 (i) If A(x) satisfies (Tl), (T2), it has a spectrum. 

(ii) If A(x) has a spectrum {9\, . . . ,#at-i} C p~ a 7j, where p is a prime, a € N, then N is a 
power of p, and (Tl) holds. 



Combining Theorem [La with Proposition l.S and Theorem [L4L we obtain the following 



immediate corollary, which improves on Theorem 1.3 of [19]. (Note that if N = p a is a prime 
power, then (T2) automatically holds.) 

Corollary 1.6 (i) If £1 tiles Z and N has at most 2 prime factors, then f2 is a spectral set. 

(ii) If Q is a spectral set with a spectrum A C s _1 Z, where s = p a is a prime power, then Q, 
tiles R by translations. 
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An easy application of Corollary 1.6 yields the following. 



Corollary 1.7 Assume that N = 3, then 0, is a spectral set if and only if it tiles R by transla- 
tions. 

Note, however, that a spectrum need not always satisfy A C p~°"Zi, even if A" is a power of 
p. For instance, = {0, 1, 6, 7} + [0, 1) has a spectrum A = {0, |, j^} + Z. 

In light of the next theorem, the case when the degree of A{x) is relatively small (equivalently, 
the set f2 is contained in a relatively short interval) seems to be a natural starting point for further 
investigation. The author expects that a more general result should hold: if C R ra "almost fills 
up" a convex set, and if it is a spectral set or tiles R n by translations, it must be a fundamental 
domain for a group. 

Theorem 1.8 Suppose that A C [0,M - 1], M < 3A/2, and let fl = A + [0,1). Then the 
following are equivalent: 

(i) A tiles Z by translations; 

(ii) f2 is a spectral set; 

(Hi) ft is a fundamental domain for the group NZ, i.e., A = {0, 1, . . . , N — \}{modN); 

(iv) NZ®A = Z, i.e., JVZ©fi = R; 

(v) A = A _1 Z is a spectrum for Q. 

The equivalence (iii) 4$ (iv) 44> (v) (for an arbitrary domain Q) is Fuglede's theorem and 
the implications (iv) =4> (i), (v) =>• (ii) are trivial. Our new result is that the implications (i) =4> 
(iii) and (ii) =4> (iii) hold for A as in the theorem. Note that the set £l n = [0, n] U [2n, 3n] tiles 
R and is a spectral set, but is not a fundamental domain for any group; this shows that the 
inequality M < 3 N/2 cannot be weakened. 

We do not know whether a spectrum must always be rational, or whether any spectral set 
must have a rational spectrum. However, we have the following partial result. 

Theorem 1.9 Suppose that $7 = A + [0, 1) has a spectrum A, and that O C [0, M] for some 
M < 5N/2. Then A C Q. 

If the polynomial A(x) is assumed to be irreducible, a stronger result holds. 

Proposition 1.10 (i) Suppose that A tiles Z and that A(x) is irreducible. Then N is prime, 
A(x) = $n«(x) for some a G N, A = {0, a, 2a, . . . , (JV-l)a}, and{k/N a : k = 1, 2, . . . , N- 1} 
is a spectrum for A(x). 

(ii) Suppose that A(x) is irreducible, has a spectrum, and that deg(A(x)) < ^f. Then the 
conclusions of (i) hold, and, in particular, A tiles Z. 

If m, n are integers, we will use (m, n) to denote the greatest common divisor of m, n. The 
cardinality of a finite set A is denoted by j^A. 

The author is grateful to Peter Borwein, David Boyd, and Richard Froese for helpful con- 
versations. 
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2 Proof of Theorem |TT^ 

We first prove (i). Assume that (Tl), (T2) hold, and define Sa as in the introduction. Consider 
the set B of all numbers of the form: 

Ek s 
T' 

where k s G {0, 1, . . . ,p — 1} if s = p a G Sa arid p is prime. We claim that B is a spectrum for A. 
Let iV = p" 1 . . . p^ m , where pi are distinct primes. We have: 

if s = 1, 

= { p if s = p a is a prime power, (2-1) 

1 otherwise 

(see Lemma 1.1). Thus (Tl) implies that for each i there are exactly a, powers of pi in Sa- 
It follows that the cardinality of B is p" 1 . . . p^ m = N. 
It remains to check that 

A{e 2m{b - V) ) = for all b, b' G B. (2.2) 

Fix b, b' G B. Then b — b' is a number of the form J^sgSa wnere G {—pi + 1, —pi + 2, . , , ,p{ — 
1} if s is a power of pj. We rewrite this as b — b' = J2iL\ where 6« = or 

k p 

and k p £ {~Pi + 1, • • • ,Pi — 1}- If 7^ 0, we may further write: 

, &i 

Pi 

where 0i is the largest exponent such that pf l G Sa, k p { ^ 0, and fcj ^ is an integer not 
divisible by p{. By Lemma 2.1 below, 

$ s ( e 2«(6-6')) = for S = n pf. 

1:6^0 

This immediately implies ( |2.2| ): since p^ 1 G S*^ for each i, by (T2) $> s ( x ) divides A(x), hence 

e 27ri(b-b') is algo a roQt of A ^ x y 

Lemma 2.1 Let b = J27=i t~> where (ki,Si) = 1 for all i and (si,Sj) = 1 for all i ^ j. Then 
$ s (e 2nib ) = 0fors = si...Sn- 

Proof. The roots of $ s (aj) are the primitive s-th roots of unity, i.e., the numbers e 2mk ^ s for 
(k, s) = 1. We write: 

k , s . s 

b = -, s = si . . . s n , k = k\ h . . . + k n — . 

S Sl S n 
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It suffices to check that k, s are relatively prime. Suppose therefore that there is a prime p such 
that p\k and p\s. Then p divides one of the Sj, say s\. Since s± divides s/si for all i ^ 1, it 
follows that p divides fef + • • • + ^f. Since we also assumed that pl/c, we must have p\ki-§-, 
hence p divides either k\ or s/s±. This, however, contradicts the assumptions of the lemma. 
Indeed, p cannot divide k\, since = 1. But we also have (si,Sj) = 1 for i ^ 1, hence 

(si,s/si) = 1 and p cannot divide s/s\. ■ 

Next, we turn to part (ii) of the theorem. Suppose that {6j} C s _1 Z is a spectrum for A(x), 
where s = p a , p is prime. Define #0 = 0, 0y = 9i — 9j, then e 2mdi: > is a root of (x — l)A(x) for 
each i, j = 0, 1, . . . , N — 1. We may write for all i ^ j: 

0y = i o^ 1 * (p>fcy) = i- ( 2 - 3 ) 

Let ri < . . . < r m be the distinct values of ccij in Since $„<»y (x) is the minimal polynomial 
of e 27n6liJ , we must have 

§ p ri(x) . . . ® p r m (x) J A(X). 

From this and ( |2.1| ) it follows that 

P m = $ p r 1 (l)...$ prm (l) j =iV, 

and in particular > p m . Thus (ii) will follow if we prove that N < p m . To do this, it suffices 
to verify that the polynomial 

Fo,ri,...,r m ( x ) = {x- (x) . . . 3y m (x) 

has at most p m roots u such that 

Fo, ri ,...,r m (e i /e j ) = for all (2.4) 

The proof is by induction on m. If m = 1, all roots of i*b,ri (x) = (x — l)& p ri (x) are of the form 
e 2mk/p'i ^ j,, g 2. If /c, A;' belong to the same residue class (mod p ri_1 ), then k — k' and p T1 are 
not relatively prime, hence either the corresponding roots e 27rife//pI1 and e 2mk /p T1 are equal, or 
else e 2m ( k - k ')/p ri [ s no t a root of i^n^)- Since there are only p distinct residue classes (mod 
p), the claim follows for m = 1. 

Assume now that the claim is true with m replaced by m — 1. Let €j = e 2mk j/ r m De rQ ots of 
Fo, ri ,...,r m (x) satisfying fl2.4|) . We divide them into p equivalence classes Go, 0i, . . . , Q p _i: 

e . = ^nikj/r™ k . = /(mod/™- 1 ). 

By the same argument as above, if e^, ej belong to the same 0/, ei/tj cannot be a root of $ p r m (x), 
and must therefore be a root of Fo jJ . lr .. >rm _ 1 (x) = (x — l)$pn (x) . . . <I> (x). By the inductive 
hypothesis, #0/ < p m . Since the number of 0;'s is p, the claim follows. ■ 
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3 Proof of Theorem [Tg 

Let A = {a = 0, a u . . . , o^-i} C (Zfl[0,M-l]), M < 3iV/2, and let = A + [0,1). 
We may assume that ao < aq < ■ ■ ■ < ajv-i, M = ajv-i + 1. We must prove that each of 
the conditions (i), (ii) of Theorem 1.8 implies that O is a fundamental domain for iVZ, i.e., 

4 = {0,1,... ,N- l}(modiV). 

Proof of (i) => (iv). Assume that A tiles Z by translations, i.e., there is a set S = {&i}i G z C Z 
such that A® B = Ti (and, consequently, © B = R). We may assume that bi < bi + \ for all i. 
Define: 

Ci = bi + M, Qi = Q + 6j, Ij = [bi, Ci). 

The interval [bi, q+2) contains three disjoint translates of O (Oj, f2i+i, hence we must have 

Ci+2 — h > 3N. Using also that M < 3N/2, we see that: 



^+2 



Ci = (ci +2 — M) — (bi + M) > 3N - M > 0. 



We also have the trivial inequality Cj > (if it failed, Q. ® B would have "gaps" (cj,6j+i).) 
Hence each Ii may overlap only with its immediate predecessor Ij_i and successor Ij+i: 

... <bi< Ci-x < bi+i <Ci< b i+2 < (3.1) 

For m > 0, define: 

m m 

Si(m) = - Ci-i), S 2 (m) = ^(q - 6 i+ i). 

i=l i=l 



Then: 

/£" E^-oc Xn, = 5i(m) + 5 2 (m) + 0(1), 
IbT Xu = Si{m) + 2S 2 (m) + O(l), 

where we used that E£-oo Xfii = 1 an d that, by (3.1), 

00 



(3.2) 



2, x G (b i+ i,a), 
1, x G (q_ x , 6j+i). 



(Here and in the sequel, O(l) denotes a quantity which, for any fixed N and M, is bounded 
uniformly in m as m —* 00.) On the other hand, counting the Qj's contained in [61, c m ] and the 
Ij's having non-empty intersection with it, we obtain that: 

IbT^Z-ooXn^mN + Oil), 

(3.3) 

IbT £*=-oc XU <mM + O(l) < amiV + O(l), 



for some a < 3/2 independent of m. From ( |3.2| ) and ( |3.3| ) we have: 

Si (to) + 25 2 (m) < amN + O(l), 
Si(m) + S 2 (m) >mN + O(l), 
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which yields that: 

S 2 (m) < (a - l)mN + 0(1), 5i(m) > (1 - a)mN + O(l). 

In particular, lirrim^oo Sl j^ > (1 — a)N > iV/2, hence we must have — Cj_i > iV/2 for 
some i. But, by (|3 . 1|) , (c,-_i, &i+i) C hence contains at least one "uninterrupted" 

interval of length > N/2. 

Assume therefore that [m,n] C f2, n—m > N/2, and that [m,n] is maximal: m— ^,n+^ ^ 0. 
Let irii = m + bi, rii = n + fy. By fl3.l|) , 



(K - 1, Ttj) U [rii, Hi + 1)) C (h-i U 

Suppose that [m'—l, m') C Ij+i for some bi < m! < mj. Since > 1, contains at least one 
unit interval to the right of and, in particular, [mj,nj) C Ij+i- But [m*, n») flfli+i = 0. Thus 
> |^t+i| + ( n « ~~ m i) > 3N/2, which contradicts the assumption that M = < 3N/2. 

We must therefore have [ml — 1, ml) C Ij-i. Similarly, [n', n' + 1) C Jj+i for all nj < n' < q — 1. 
It follows that: 

Cj_i = mj, bi+i = rii, [bi+i, Cj) cOjU fii+i. 



Hence: 



— Cj_i = rii — mi = n — m, 
Ci - = n [ni,Q)| + Ifli+i n = |fin [n,Af)| + |fin[o,m)| 

= |f2 \ [m, n)| = N — (n — m), 



so that: 



Q - Cj_i = (cj - b i+ x) + (6 i+ i - Cj_i) = (N - (n- m)) + (n - m) = N. 
This proves (iv). 



Proof of (ii) =4* (v). Suppose that Q is a spectral set. By Proposition [Q| , = X) has 
a spectrum {9\, . . . , #at-i} C (0, 1). We will also denote 6q = 0- Then: 

A(e fi ) = 0, i + j, 

where = e 2 "(^-%). 
We will first prove that 

k, I 3m, i', I' such that e»j = e w = e m ^. (3.4) 

This will imply that G = {eij : i, j = 0, 1, . . . , N — 1} is a group. Indeed, since G is finite and 
contains 1 = en, it suffices to prove that G is closed under multiplication. But if (3.4) holds, 
then for any ,6(.jEG we have 

eijCkl = Ci' m e m i' = eyy G G. 
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The verification of ( |3,4| ) is as follows. Observe that: 



hence it suffices to prove that: 

Vi,j,k,l 3m, such that e iV = e jm , e a < = e km . (3.5) 
For each pair define: 

Eij = {m G {0, 1, . . . , N - 1} : e jm = e u > for some i'}, 



then (3.5) is equivalent to: 

n E kl + 0. (3.6) 

Since M < SN/2, we have deg(A(x)) < ^ - 1. We have en = 1, and A(eij) = for all % j= j, 
hence the number of the possible values that may take is bounded by 

deg(A(x)) + l< — . 

On the other hand, since Oi are distinct, so are e^o, • • • , ei,jv-i for any i. Hence for any i, j, 
the number of values which occur both in {e^o, e 4 i, • • • , £i,jv-i} and in {e^o, ■ ■ ■ , €j,N-i} is 
> iV + N - ^ = iV/2. But this means that 

#E tj > N/2. 



Thus Eij, E k i are two subsets of {0, 1, . . . , N — 1} of cardinality > N/2, whereupon (3^6) follows. 

We have proved that G is a group, hence G must be the set of all n-th roots of 1 for some 
neZ, But A(eij) = for all G G, hence the polynomial P n (x) = 1 + x + . . . + x n ~ x divides 
A(x), and, in particular, n = P n (X)\A(X) = N. On the other hand, since 6j are all distinct, 
n = #G > N. Hence n = N, and the e« are iV-th roots of 1, i.e., A = -^Z. ■ 

Observe that the proof of the implication (ii) (v) did not actually use that the degree of 
A{x) was < ^j- — 1, but only that A(x) has < ^ — 1 roots of modulus 1. Hence we have also 



proved the following result, which will be used in the proof of Theorem 1.9 



Lemma 3.1 Suppose that A(x) has a spectrum, and that #{x : A(x) = 0, \x\ = 1} < ^ — 1. 
Then the conclusions (iii)-(v) of Theorem |i. j| hold. 

4 Proof of Theorem |T7g| . 

Suppose that Q has a spectrum A, then A{x) has a spectrum {6\, . . . , # ra -i} as in Proposition 



1.3. It suffices to prove that if 17 C [0, M], and if 9\ is irrational, then 



M>f. (4.!) 
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Suppose that 9\ ^ Q. By Lemma [O], A{x) has at least ^ 1 roots of modulus 1. By Lemma 

4.1 below, A{x) has at least N — 1 roots off the unit circle. Hence 

M > deg (A(x)) + 1 > (N - 1) + - 1) + 1 = ^ - 1. (4.2) 



We now improve this to ( f4.1|) by a simple scaling argument. Consider the set /cfi = kA = [0, /c), 
where k G N. Clearly, if f2 has a spectrum A ^ Q, then fcfi has a spectrum k~ l h ^ Q. But 
applying ( t4.2|) to fcfi, we obtain that 

kM > 1. 

- 2 

Dividing both sides by k and taking the limit k — > oo, we obtain (|4.1|). ■ 

Lemma 4.1 Suppose that A(x) has a spectrum 9i, . . . ,0n—i> an d that 6\ ^ Q. Then A(x) has 
at least N — 1 roots of modulus ^ 1 . 

Proof. Let ej = e 2md i , eo = 1, ejk '■= tj/tk] then ej,j ^ 0, and e^-fc, j ^ k, are roots of A(x). 
Since ei is not a root of 1, by Kronecker's theorem [14] the minimal polynomial A\(x) of e\ has 
at least one root £i with |£i| ^ 1. 

The Galois group G of -A(a;) acts transitively on the roots of A\{x), hence there is a a £ G 
such that cr(ei) = £i. Define & = cr(ej), := = cr(ey), then ^ 0, and j 7^ k, are 

roots of -A(x). Let 

I={i: 1 < * < JV - 1, |6| = 1}, ^ = #^, 

and let n,...,r m be the distinct values of different from 1. Since ^ 1, we have m > 1. 
For each value of rj, fix a root £j with = rj, and consider the roots 

£,.<■ ■ J G /• (4.3) 



This yields /c distinct roots of modulus rj. The total number of roots (|4.3| ), for all rj, is mk. 
We now consider two cases. 

• If all Ti are > 1, consider the roots 

1/&: i^0,i£l, 



which have modulus < 1 and are therefore distinct from the roots found in (4.3). The 
number of such roots is N — 1 — k. Hence the total number of roots of modulus ^ 1 is at 
least mk + (N — 1 — k) = N — 1 + (m — l)k > N — 1. The case when all r« are < 1 is 
similar. 

Suppose now that r2 = min(r,) < 1, r% = max(rj) > 1, and fix £2, £3 such that |^| = T2, 
I £3 1 = r 3- Consider the roots 

{6,: &|>l}U{6y: &|<1}. (4.4) 

The roots (4.4) have modulus either < f2 or > r^, hence are distinct from those in 



The number of roots in (4.4) is N — 1 — k, so that again we have at least mk + (N — 1 — k) > 
N — 1 roots of modulus 7^ 1- ■ 
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5 Miscellaneous 



Proof of Proposition |1.10| . We begin with (i). Suppose that A(x) is irreducible, and that 
A tiles Z. Then there are B C Z, m € Z such that A{x)B(x) = P m (x) (mod x m — 1), where 
B(x) = J2b&B xb an d Pm{x) = l + x + . . . + x m ~ l (see [|[, Lemma 1.3). Since vl(x) is irreducible, 
either A(x) divides P m (x) or P m {x) divides B(x). But in the latter case m = P m (l) = A(1)B{1) 
divides -B(l), hence N = A(T) = 1 and A = {0}. Therefore we must have A(x)\P m (x), i.e., 
A(x) = <3?fc(x) for some k\m. By Theorem fL~4| , 

iv= A(i) = n $ s (i)=$ fc (i). 

Since A r 7^ 1, it follows from ( [2.1| ) that A/" is prime and k = N a for some a € N. Then 

A(x) = l + x a + x 2a + ... + x {n ~ 1)a , 

(cf. Q, Lemma 1.1), and it is trivial to verify that {0, jb, • • • , ^j^-} is a spectrum for A(x). 

It remains to prove (ii). Suppose that A(e) = for at least one root of unity e. Since A is 
irreducible, A(x) = & s (x) for some s; using ( |2.1| ) as above, we find that A^ = A(l) is prime and 
hence the conclusions of (i) hold. In particular, A = {0, a, 2a, . . . , (N — l)a} tiles Z. 

Assume therefore that A(x) has a spectrum {6*i, . . . , 6>tv-i}, and that 9\ is irrational. We 
shall first prove that A(x) must have at least N roots off the circle |x| = 1; combining this with 
Lemma R.1L we find that 

5N 

deg(A(x))> — -1. (5.1) 
Let €j = e 2m9j . Then ej and €jk ■= £j/tk, j 7^ k, are roots of A(x), and t\ is not a root 



of unity. By Kronecker's theorem 14], A{x) has at least one root ^ with |£| ^ 1. Also, e\ is a 
root of A\{x), hence by elementary Galois theory so is l/£. Thus A(x) has at least one root of 
modulus > 1. 

Let £1 be a root of A{x) of maximal modulus; from the previous paragraph we have |£i| > 1. 
Since A(x) is irreducible, its Galois group G is transitive, hence there is a a G G such that 
o"(ei) = £1. Define £j = a{e{), then £j and £jj := = are roots of A(x). Consider the 

sequence of roots: 

£1,6,6; • • • ,£Af-l,£l2,£l3, • • -,Cl,N-l- (5-2) 
Let j > 2. By the maximality of |£i|, we have |£j| < |£i| and = l^j < |£i[, hence: 

1 < 161 < 161- 

Moreover, since |£i| / 1, at most one of 6, 6j has modulus 1. Hence the sequence 

6,6, • • • ,6^-1,62,63, • • • ,6,jv-i- 

contains at least N — 2 entries with modulus > 1. Since the 6 are distinct and ^ 1 for i ^ 0, 
the value £1 appears only once in ( |5.2| ), and any other value is taken at most twice (once as £j 
and once as £ij')- Hence fl5.2j ) contains at least 1 + (N — 2)/2 = A^/2 distinct roots of modulus 
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> 1. Similarly, using instead of £1, we may find at least N/2 distinct roots of modulus < 1. 
This proves the claim that A(x) has at least N roots off the unit circle. 
Finally, we improve (Ml) to 

deg(A(x)) > — . 

Observe that this improvement is automatic if N is odd, since then N/2 is not an integer and 
the above construction yields ^-jp 1 + = N + 1 roots of modulus ^ 1. Assume therefore that 
A?" is even, and denote |£i| = R. From the above construction, deg(^4(x)) may equal ^j- — 1 only 
if the following hold: 

(1) For any 2 < i < AT — 1, only one of £j, £ii has modulus 7^ 1. Hence = 1 or R. 

(2) For any 2 < z < N — 1 there is a 2 < j < AT — 1 such that £1 = £u. Since £j are distinct, 
this is a 1-1 correspondence; moreover, (1) above implies that i 7^ j. 

(3) There are no roots of A(x) of modulus R other than those £j with = R. 

By (1), (2), we must have {1, 2, . . . , N - 1} = I\ U I 2 , where ii = {i : [&| = R}, h = {i ■ 
|6| = 1}, 1 G Ii, #/i = AT/2, #J 2 = f - 1. Let i G Ii, j G I 2 , then |^| = j|| = R, hence by (3) 
there is a A; = k(i,j) G ii such that £jj = Note that for any fixed j the mapping % —* k(i,j) 
is one-to-one, and therefore may be inverted. Thus, if j G I2 is fixed, for any k G I\ there is a 
i£ Ji such that £y = or, equivalently, = £j. Iterating this procedure, we find that for 
any j G I 2 and A; G I\ : 

■ ■ ■ , • • • G te : * G M- 

But f^/i = AT/2, hence £| = 1 for some s < AT/2. Since is irreducible, we must have 

A(x) = <& s ( x ) f° r some s < N/2, which clearly contradicts our assumptions. ■ 

Proof of Corollary |l.7| . Let A = {0,01,02}. We may assume that (01,02) = 1: indeed, 
let k G Z, then A tiles Z if and only if kA tiles Z (Q, Lemma 1.4(1)), and {#1, 62} is a spectrum 
for A(x) if and only if {9i/k,02/k} is a spectrum for (kA)(x) = A(x k ). 

If A tiles Z, ^4(a;) has a spectrum by Corollary |1.6| (i). Conversely, suppose that A(x) has a 
spectrum {^1,^2}, then: 

x + e 27riai% + e 27ria 2 ^ = , j = 1, 2. 

Hence e 2 ™!^^ e 2 ™ 2 ^ are cubic roots of 1, and in particular a\9j,a 2 9j G |Z. Since (ai, 02) = 1, 
there are integers k\, k2 such that k\a\ + &2 a 2 = 1 ; so that 

0^ = k\a\Qj + ^202^- G ^Z. 



By Corollary |Lq(ii), A tiles Z 
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